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Homework

» Problems listed on 2DL Spring 2010 -Web
Site.

« All HW problems are found in Taylor

« Hand-in HW to TAin Lab




~Averaging Data

* Random Errors can be reduced by
repeated measurements.

The best estimate of the true value
of a measured quantity is the |

average (mean). X=— X

We can also estimate the RMS =~ | = .

error from the set of R T ¥)
measurements. O,

6_ ——_—
We can then compute the error on * n

the mean which decreases with the
_— If o, is 1 mm, how many times
numbel‘ of measurements. must I measure to get a 0.2 mm

error on the mean?
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Example of Error Propagation

Suppose that g= x+y+z. We wish to determine g by
measuring x, v, and z. The error on ¢, (dg), can be

calculated from the errors on the measured
quantities.

q=xtyt+z
&{ = o+ 5y+ OZ If & is an error estimate, we don’t know its sign.
&[: /5»(/-{—/@//4—/&/ Worst case, if all have same sign.

A

o,= \/ ( ()‘x)z + ((Sy): + (5 ;) Independent, random errors.

0 =RMS = standard deviation What is an RMS error?
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~ Another Example of Error Propagation

q=Xxy Definition (area): assume the correct values are x, y and
¢, but, we measure (x+dv) and (y+&). We will then compute
(q+6¢) from our measurements.

g+0g=(x+0x)(y+dy)=xy+x0y+ yox  compute

i i . . Subtract ¢ from both sides of the
0g=x0y+ydx = a—rc)y + xb.\‘ above equation and neglect &vdy.
’ ' Notice partial derivatives.

In estimating the errors, we don’t know the sign of dvand .

Sometimes the error contributions will cancel, sometimes add.

We can compute errors two ways:
*maximum possible error 5, = a_(/()‘.l-

y

a—(/ ox
ox

_+_

*RMS error
g
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~ Root Mean Square (RMS) Errors

3 3 Compute error on ¢(x,y) from
~ adq aq rOT . , :
(5(] _ _/(5'\,_{__/(5.\. errors one x and )' Th|§ assumes
dy ox you actually know the sign and
maghnitude of the errors.

Define root mean square error estimate

— ( . . 2 Average over many
O..\' - X meas. A true )

measurements.
Jqg ’
-

\ dx

Propagation of errors using
the RMS. We will mainly
use this method.

What do we do when the

partial derivative is negative?

G = (sigma) = RMS error = Standard Deviation

6
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' Why .Uée i’a_rti‘@] Del'lvatlves .

1) It worked for the g=xy case.

2) It makes sense graphically.
3

o,

f(x,y.Z)=f(xo._vo.zo)+a'—f o,

. * lxouyszo
S (XgsY0:2,)
—

Xo

3) Its really the first order Taylor expansion of a function.

af Jf
(mv)+ D (mn)+ D (2mz)he

© XosVosZo Xo-YoZo

. Jf
f(x,v,z)=f (.\'0._1'0.zo)+‘—/_

 lxg .02




‘Fractional Errors are Sometimes Useful

For products like g=xy, we can add the fractional errors
on the measurements to get the fractional error on the
result.

Simple Derivation

X
This also works for quotients like ¢= 3

.4, . .o, LaVv_ 4m? 0,
For V' =—n", the fractional erroris —=——¢, =——0, =3-"
3 Voor 4, r




Example of Error Propagation

n

Find the fractional error on ¢(x,y)=—
v

9 2 d 2 .
7, = \/\ Ao +| Lo Our basic formula.

Lo oy

This is the technique you'll need to memorize and use often.




Ch4: Analysis of Random Uncertainties
X = X;,X5,X3,X,,..., X uncertainty of X,

;=xl+x2+...+xN= Ex,- p 1 E(x —x)
N * N 1 |
mean 1 standard deviation

xbest
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'Ch4: Analysis of Random Uncertainties
X = X;,Xy,X3,Xy,...,X) uncertainty of X, ,

N N N 1 i=1
mean 1 standard deviation

}=x1+x2+"‘+xN=Zﬁ L \/1 E(x _x)

| xbest i6~x |

[, _o.
O;=

JN

standard deviation ofithe mean




* Probability Distributions

Assume the true value of x is 5.5 m. We make repeated

measurements of x with an “error” of 2.5 m.

* This is one possible example.

P(x) A

0.4

T P(x)dx=1

What do we expect the distribution of measurements to look like?
This depends on the probability distribution.

What is the probability

to measure x=5?

What is the probability

to measure x between 6
and 10?

Can you think of
something with a flat
probability distribution?
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60

jes * Divide x axis into bins of
equal size.
* Plot the number of entries in
each bin.
x * Expect statistical fluctuations
65 70 75 80 85 00 95 100 for small numbers of
measurements.

£

Histograms of Measurements

144 entries o5
* For large numbers of

0.4
o measurements, the
) distribution should approach
0.2
o P(x).

» Usually P(x) is close to a
normal distribution.

65 70 75 80 85 90 95 100




# students

_Distributions and histograms
-130
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Grades

60 64 68 72 76 80 84 88 92 96 100 104:4108
% grade




_ Distributions and histograms

60
Grades
i O
bin -
q h
40
@ -
c
[}
© s
= -
7]
+H+
20~ _
0 lll;llll llll llll llll llll llll llll llllllll
60 64 68 72 76 80 84 88 92 96 100 104:5108

% grade

30

20

%

10




Distributions and histograms

Grades

60 64 68 72 76 80 84 88 92 96 100 104¢108
% grade




Distributions and histograms

Grades

bin
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Distributions and hisbt_ograms
- in

Grades

Limiting distribution f(x

h

12

60 64 68 72 76 80 84 88 92 96 100 104:¢108

% grade




Limiting distribution

Grades C" \ f(x)

F D

60 64 68 72 76 80

J LA B2 L2 B2 BJ lllllllll
8&92 96 100 104 108
o grade

W = [7%x)dx




Standarﬁ Noffmél (Géus'Sian)-‘Diétriblitidh

’s Standard MNormal Probability Density Function * Many probablllty
P(x) distributions, including
041 errors, approach the
Normal distribution.
031 — Biological parameters
— Test scores
021 — Any combination of random
variables (Central Limit
- Theorem).
» Normal distribution has
0 , , , N average and standard
ST v U % deviation as parameters.

B EE———— <




 The Normal Distribution

Py

(v-X)* P
207

)=t
0 \/EO'

L X=00=02

-
- ~
/’ \\

WA R TR §
U A *X

X and ¢rare parameters of the Normal distribution.

X is the true mean of the distribution.
The RMS width of the distribution is o
x 1s the independent variable.

P is the probability density to measure x.

What are the units of P(x)?




Integrating Gauss distribution

2
1 ~(x=X) 402

G, 6 =—F—e€
& O~ 2T




Gx o

Gauss distribution and X, O,

G —(x X)/

Xo —
o2
most probable X\
best

X+o

=fGX’0 dx =68%
XvYo

L] l L] l L] l L] l L] l L] l L] l L] l L] L] l ] l 25 I
0 20 40 60 80 100 120




Gauss distribution and X, O,

—(x X)
GX,O =
most probable X\
Xbest X=
o
ﬁ X+o
f G, dx = 68%
o0
v l v l v l v l v l v l v l v l v v l L l M-I

0 20 40 60 80 100 120




1

Table A. The percentage probability,
Prob(within t0) = [510Gy (x)dx,

as a function of ¢, X-to X X+io
() 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0 0.00 0.80 1.60 239 319 3.99 4.78 558 6.38 717
1 7.97 8.76 955 1034 1113 1192 1271 1350 1428 15.07
2 1585 16.63 1741 1819 1897 19.74 2051 21.28 2205 2282
3 2358 2434 2510 2586 26.61 2737 2812 2886 29.61 3035
4 3108 31.82 3255 3328 3401 3473 3545 36.16 36.88 37.59
5 3829 3899 3969 4039 41.08 4177 4245 4313 4381 4448
6 45.15 4581 4647 4713 4778 4843 49.07 4971 5035 5098
7 5161 5223 5285 5346 5407 5467 5527 5587 5646 57.05
8 57.63 5821 5878 5935 5991 6047 61.02 6157 6211 62.65
¢9 6319 63.72 6424 6476 6528 6579 6629 6680 6729 67.78
68.75 69.23 6970 70.17 70.63 71.09 7154 7199 7243
1.1 72.87 7330 73.73 7415 7457 7499 7540 7580 7620 76.60
1.2 7699 7737 7775 78.13 7850 7887 7923 7959 79.95 8029
13 80.64 8098 8132 81.65 8198 8230 8262 8293 8324 8355
14 8385 84.15 84.44 8473 8501 8529 8557 8584 8611 8638
15 86.64 8690 87.15 8740 87.64 8789 88.12 8836 8859 88.82
1.6 89.04 89.26 89.48 89.69 8990 90.11 9031 9051 90.70 90.90
1.7 91.09 9127 9146 91.64 91.81 9199 9216 9233 9249 9265
1.8 9281 9297 9312 9328 9342 9357 9371 93.85 9399 9412
1.9 9426 9439 9451 9464 9476 9488 95.00 9512 9523 9534
20 9545 9556 95.66 9576 95.86 9596 96.06 96.15 9625 96.34
21 9643 9651 9660 96.68 96.76 96.84 9692 97.00 9707 97.15
22 9722 97.29 9736 9743 9749 9756 9762 97.68 9774 97.80
23 97.86 9791 9797 98.02 98.07 98.12 98.17 9822 9827 9832
24 9836 98.40 - 9845 98.49 9853 9857 9861 98.65 98.69 98.72
25 9876 08.79 98.83 98.86 98.89 '98.92 9895 9898 99.01 99.04
26 99.07 99.09 99.12 99.15 99.17 99.20 9922 9924 9926 99.29
27 9931 9933 9935 99.37 9939 9940 99.42 99.44 99.46 99.47
28 99.49 9950 99.52 99.53 9955 99.56 99.58 99.59 99.60 99.61
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() 000 001 002 003 004 005 006 007 008 0.09
0 0.00 080 160 239 319 39 478 558 638 717
t=1 47 1797 876 955 1034 1113 1192 1271 1350 1428 15.07
. 2 1585 1663 1741 1819 1897 1974 2051 2128 2205 22.82
3 2358 2434 2510 2586 2661 2737 2812 2886 29.61 3035
4 3108 31.82 3255 3328 3401 3473 3545 3616 3688 37.59
5 3829 3899 39.69 4039 4108 4177 4245 4313 4381 4448
6 4515 4581 4647 4713 4778 4843 4907 4971 5035 5098
7 5161 5223 5285 5346 5407 5467 5527 5587 5646 57.05
8 57.63 5821 5878 5935 5991 6047 6102 6157 6211 62.65
9 6319 6372 6424 6476 6528 6579 6629 6680 6729 61.78
0 7 6875 6923 6970 7017 7063 7109 7154 7199 7243
1 7287 7330 7373 7415 7457 7499 7540 7580 7620 76.60
2 7699 7737 7775 7813 7850 78.87 7923 7959 7995 80.29
3 80.64 8098 8132 8165 8198 8230 82.62 8324 8355
14 =557 e m@@ 8611 86.38
15 86.64 8690 8715 8740 87.64 8789 88.12 8836 8859 88.82
1.6 89.04 8926 8948 89.69 8990 90.11 9031 9051 90.70 90.90
17 9109 9127 9146 9164 9181 9199 9216 9233 9249 9265
18 9281 9297 9312 9328 9342 9357 9371 9385 9399 94.12
19 9426 0439 9451 9464 9476 9488 9500 9512 9523 9534
20 9545 9556 9566 9576 9586 9596 9606 9615 9625 9634
21 9643 9651 9660 9668 9676 9684 9692 9700 97.07 9715
22 912 9729 9736 9743 9749 97.56 9762 97.68 97.74 97.80
23 9786 9791 9797 9802 98.07 9812 9817 9822 9827 9832
24 9836 9840 - 9845 9849 9853 9857 9861 9865 98.69 98.72
25 9876 9879 9883 98.86 98.89 '98.92 9895 9898 9901 99.04
26 99.07 9909 9912 9915 9917 9920 9922 9924 9926 9929
27 9931 9933 9935 9937 9939 99.40 99.42 99.44 99.46 99.47
28 99.49 9950 99.52 9953 9955 9956 99.58 99.59 99.60 99.61
29 99.63 99.64 9965 99.66 99.67 99.68 99.69 9970 9971 99.72
30 22(; <o
35 - 99.95
40 99994




Limiting Distributions;
Normal Distribution (Ch.5)

Plan:
-Limiting distributions: physical meaning
*Normal (Gauss) distribution

*Addition in quadrature, SDOM, etc

27




f f(x)dx =1 f(x)dx

Limiting distribution

f(x
probability to get an answer, (x)
between x and x+dx

X, 0,7

60 64 68 72 76 80 84 dx 92 96 100 104 108

% gl auc

m- f,;mdx




score

N N ... or probability of x,

Limiting distribution

f(x)
probability to get an answer,
between x and x+dx

f(x)dx

60 64 68 72 76 80 84 cdx 92 96 100 104 108
% g aus

X7 1,  Fraction of students scoring x,

~ — f(x,)dx,

of times ” - l
ﬁkafr:pears o; =f(x—)?)2f(x)z’x x=ﬁ9xf(x)dx




Gauss distribution and random errors
~(x-X)?
G 1 402
X

=————¢

© O+ 27t

-112

Grades

60 64 68 72 76 80 84 83 92 96 100 104 108 30
% grade
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Gauss distribution and random errors

2
1 ~(x=X) 402

Components of the first ruby laser O 2;][

10075 -reflective

mirvor Quartz flash tube

Ruby crystal

N
>

Intensity

Polished aluminum Laser beam

. 955 -reflective
reflecting cylinder

mirror
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Normal (Gauss) distribution




Normal (Gauss) distribution




Gauss distribution and X, O,

G —(x X)/

Xo —
o2
most probable X\
best
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Accepted Value of h=6.626 x 10-34 J.sec

You measure freq = 45 THz with uncertainty:
dF=4.5THz
What is best estimate for the Uncertainty in Energy = hF?
E=3.0+£0.3x%x1020J

1 AT 1 1 1 1

40 \50 60 70 80 90 100 110 120x10'
f,=43.9x 103

Frequency, Hz

(0}
— @Po

— ¢ b7

Vs¢  Metal 2

> L e

Lo
,/, ~ Slof ,>f

2 ot
“Joz " Jor
7




Auxiliary magnet

Auxiliary
drive coil

Mass

A5t

Super-

e (KsY'Rx = (@e/h)(h/e?) = 4/h.
magnet

- Movable
induction
B coil

" - Fixed
2 induction
- coil

ser Interferomete:
only one setof 3
mirrors shown)

42 53 bina s
The NIST Watt E?Iance: Monitoring the Kilogram

sic P
and the future vacuum enclosure.
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VOLUME 81, NUMBER 12 PHYSICAL REVIEW LETTERS 21 SEPTEMBER 1998
160 0.4
Average = 0.008
140 1 sp=x 0141 ) z
120 | Veount = 31.4 = 02
Jan. 6 - Apr. 17 = T
z 100 1998 = i1
S g <> g 00
g 0.3 uWW © 5
w 60 = b4
T -0.2
40 s
20
0 4 -0.4
®KNODTO NSO EAOT0QN® 1/98 2/98 4/98
feeeegresea9ceseese FIG. 3. The daily average of the latest watt results. The error
Wao/W -1 (WW/W) bars are the standard deviation of the mean each day’s results.
FIG. 2. Histogram of most recent 989 watt measurements.

TABLE Il Relative standard uncertainties in the NIST watt

experiment.

Uncertainty source

Value (nW/W)

Reference transfers (type B)
Mass
Resistance
Voltage
Length
Frequency
Gravity

External effects
Refractive index
Mass buoyancy
Alignments
Leakage resistance
Magnetic flux z-profile fit
Knife-edge hysteresis
RF noise offsets

RSS subtotal

Statistical type A

Combined
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y(x)

30 -

20 —

Next time: LEAST SQUARES FITTING |
y =f(x) i

" S6,-16)

O,V
.’ oy
. e 4 _0 X
2. Minimize 2 94 B =0
L L L I L L L L) I L L L L) I L I
10 15 20 25

X

40




Fitting Voltage Data to V=IR

A
OR
IMPLIES :
porte. Inthis N
zxamble, N=4 Z ]j I/I
R i

=N
Z[Zi




What is the Error on the Best-Fit
Parameter R?

Our general formula, which always applies, is:

oRY , (orR) , R ,
Cr=.— |0 + oo+ c
v, n\aw, ) v, |

aRY L(or)
ince: — | =I}|—| =1}
Since: [aVl J 1 (aVN } N

and : o, =1mV

‘\v.
Putting it all together: | ImV > I} Check units are right, error
i ] has same units as R.

50:0, =—




LEAST SQUARES FITTING EXAMPLE

ourrent [mA] voh m' volheenof m voltag mmuled m

10 1.2

20 4.0 0.3 43

30 60 1.0 7.0

10 20 0.0 2.0

this is "x" 4 this is "y* this is "o
| This is the true sional I T_ This is the true signal with
Our model: [v=bk | error (uncertainty).
| RfromFit  R=Fixy)Ehx) 210

I\‘l What we would measure in real-life

Error in R comes from partial derivative of numerator with respect to y, only

Errorin R 0r=0y\(x%) 020
10,0 - Voltage Across Resistor
90
s ?8 _l Pink: Voltage = 2.1"Current [
E 50 — -
‘;; 38 e o Measured Data
20 — Least Squares Fit From———
1.0 ICurrent [mA]'— Equalions I
0.0 1 v T T
4

00 0.5 10 1.9 20 23 3.0 3.9 40
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